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Abstract:

The elastic buckling behavior of thin plates changing in width as well as hollow
thin section tapered columns are studied using the finite element method. The
buckling load isfirst defined for the case of simply supported trapezoidal plate
subjected to uniform compressive stresses. The influence of tapering ratio, aspect
ratio and flange width to average web depth ratio on the stability of thin -walled steel
members isinvestigated. The results are compared to those of rectangular plates. The
results are represented diagrammatically as function of the buckling coefficient with
respect to the different mentioned ratios. The results show that, the buckling
coefficient(k) becomes larger as the tapering ratio decreases as well as the flange

width to average web depth ratio also decreases.
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1. Introduction

Steel members with non-uniform cross-section are commonly used as columns in
design of various structures. Depending on the mode of application, a plate element
can be subjected to various in-plane forces (compression, bending, shear or a
combination of these stresses).
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Under certain circumstances, applied in-plane loading may cause buckling. The
buckling of plates and columns plays an important role in structural safety and has
been an important area of research for researchers. The stability of simply supported
rectangular plates and hollow section columns, under the action of compressive forces
uniformly distributed along the edges, was discussed by several authors, such as:

Timoshenko and Gere [1] studied the stability of rectangular plates under
various conditions of support at the two edges parallel to the longitu dinal compressive
forces using energy method.

Pope| 2] presented analysis of buckling of a plate of constant thickness tapered
symmetrically in planform and subjected to uniform compressive loading on the
parallel ends.

Said Ahmed[3] studied the elastic critical buckling load of non-rectangular
plates under different loading and boundary conditions using finite e ement analysis.

Persson[4] presented a new design charts for the critical buckling coefficient for
flat plates under uniform compression with non -continuous boundary conditions.

Rasmussen, et. al. [5] presented numerical models for analyzing stainless steel
simply supported plates in compression steel plates. To develop accurate finite
element (F.E) models validated against the experimental plate t est results.

Yu and Schafer [6] presented an analytical method to calculate the buckling
stress of a rectangular thin plate under nonuniform applied axial stresses using finite
element analysis.

Salem, et. a. [7] presented a numerical investigations to st udy the strengths and
behavior of steel rectangular plates ssmply supported on three
sides, with remaining edge free (unstiffened), under the effect of different
types of stress gradients using the finite element analysis.

Dabaon, et. a.[8] presented a numerica modeling to study the strength and
behavior of stainless steel stiffened and unstiffened hollow -section columns under
uniform axial loads. There are many other sources of information on elastic local
buckling of plates[9,10,11,12].

Considering only thefirst order terms in the governing equations
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where, w denotes the deflection in the z-direction of any point (x ,y ).
The elastic critical stress of rectangular simply supported plate under
compression Fig.(1-a) can be expressed as.
T2 E
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where Kk is a dimensionless buckling coefficient of the plate and depends on the type

of loading, edge support conditions, and the plate aspect ratio L/ dw,m, while E and v
are the Young’s modulus and Poisson’s ratio of the plate material, respectively. It was

found that for the case of a solid rectangular plate, smply supported along its four

edges and subjected to uniform compression at the two opposite short edges, the value

of k can be written as;
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where m corresponds to the number of half waves that occur in the plate’s
longitudinal direction at buckling, i.e. m defines the buckling mode of the plate. The
above equation was illustrated graphically in many textbooks and gives a minimum
value of 4.0 for the buckling coefficient k, This minimum value occurs at L /d.,, )
is an integer. For trapezoidal plates, k also depends on the type of loading, edge
support conditions, and the plate aspect ratio L/ dwm,and it's a function of the
tapering ratio r (r=A,, /d,,., see Fig.(1-b)), which can be obtained by finite element
method.
2. Problem definition

A simply supported plate (column) subjected to uniform compressive stressin a
Cartesian coordinate system is given in Fig. (1-a). The plate has length (L), width
(d,y., d\.) thickness( t) and tapering ratio 7 = (dy,, /d,;. ). In this study. The plate
dimensions were d,,, =400 mm, t=2.0 mm, and the height of the plate was varied to
obtain the required aspect ratio from 0. 375 to 3.5 in order to investigate the effects of
the aspect ratio (L / dwﬂ) on the buckling coefficient. For the thin wall structures
simulated in this work, the height to thickness ratio of the plates had arange of 100 to
600. For hollow section columns under an axial compressive force with the top and

bottom edges hinged or simply supported, the load is equally distributed on al of the
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plates. each plate has the individual critical load, and therefore each wall reaches
instability simultaneously. The waves on adjacent walls are formed in such a way that
the common edges do not buckle, both walls rotate the same amount and in the

same direction about the common edge, and therefore the wall angle remains
unchanged before and after buckling. This resultsin zero restraining moments at

the common edges for the walls and the tube behaves as four independent simply
supported plates put together with common edges (see Fig.( 3)). Walls of the square
tube and tapered in web tube were modeled with a width d,, = 400mm |,
Ay, = dw} /7, and a height of which was varied to obtain the required aspect ratio
from 0. 5 to 3.5, similar to that of the model of the ssimply supported plate. Each wall
and plate had a uniform thickness of 2.0 mm. The four platesin Fig.(3,4) were placed
together in the form of a square tube. Each plate was independent of its adjacent
plates.

3. Finite element analysis procedure

The commercial multipurpose finite element software program ANSY S (2011)
was employed in this research. The general -purpose Elastic shell 93 element is used to
model the plate because it shows satisf actory performance in verification work
previously described by [3] and [13]. the Elastic shell93 element has eight nodes
possessing six degrees of freedom per node. The mesh density of the plate was chosen
based on the size of the narrow edge of plate.

The default shell element size was selected d,,,,/20 (Fig.(4)).The materia of the
plates was assumed to be homogeneous, isotropic and elastic. The material properties
for Young’s modulus E = 210 GPa and Poisson's ratio v = 0.3 were selected.
4.Linear buckling analysis

There are two types of buckling analyses. linear and nonlinear. The linear
buckling analysis (or eigenvalue analysis) is performed in two steps. The first step is
an elagtic linear analysis which is performed to determine the internal reactions (initial
stresses) in the structure due to externally applied loads. The
second step is to determine eigenvalue based on the geometric stiffness matrix
obtained from the linear analysis. ANSY S uses the first and second order terms
of strain to generate the stiffness matrixes in the buckling anaysis. The first term of

strain yields the conventional stiffness matrix, £, and the second term

4
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of strain for the initial stress stiffness matrix, ;. The initial stress stiffness matrix,
K, accounting for the effects of existing initial stress, is proportional to the stress
level in the plate. The matrix equilibrium equation can be expressed as :

(F} = ([Ep] + [K (Ao )]{D} = ([Kp]+ A, I{D}) )

Initial stress ; is unknown at the beginning of the analysis. By applying a unit load
to the plate, the initial stress reaches to the level of (Agy), where A is a scalar
multiplier. {F} and {D} are the external load and the corresponding nodal
displacement vector, respectively. At the buckling, the plate displacements increase
with no increase in the external load. Mathematically, this can be defined by

([Kqs] + MK (o)]{dD}) = O (5)

where {dD} is the incrementa nodal displacement vector. The incremental
displacement vector {dD }cannot be zero; therefore, anon-trivial solution of Eqg. (4) is
Det. ([K,]+ A[K, (s)]} =0 (6)
Calculating the determinant of Eq. (5) gives n-different eigenvalues A, where nisthe
dimension of stiffness matrix. The lowest eigenvalue A1 corresponds to the critical
load level No = A1 * &y * t, where buckling occurs. The associated eigenvectors

represent the characteristic mode shapes of the buckled plate.

6. Results and Discussion

This section presents the results of the effect of aspect , tapering and flange
width to web depth ratios on the buckling coefficient of plates(columns)
subjected to uniform compressive load . the elastic buckling load ratio defined in Eq.
(6) is used instead of the buckling coefficient

S

Ny (7

where N.,. and Ny is the elastic critical load of the non-uniform(trapezoidal) and

rectangular plate, respectively. The elastic critical load of the rectangular plate is
given as
“E
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In al figures, the variations of the buckling coefficient( k) are plotted against the
aspect ratio. Figure (5) shows, the influence of the plate aspect ratio (L/dwm ) and the
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tapering ratio ( r) on the buckling coefficient of the plate. At the beginning, the
values of k decrease with the increase of the ratio L/d,,_, reaching the minimum
value and starting from that value, k increases with the increase of the ratio L/ d-,um.
With the increase of the ratio r, the values of k increase and the minimum values
move toward aslightly higher plate aspect ratios L/d,,__.

Figures (6and 7) show the variation of the buckling coefficient per wall of the
different structures with the change of aspect ratio and flange w idth to web depth
ratio. Figure (8) shows that, the buckling coefficient for column with r=1.0 and d;
/dwm=1.0, is equal(nearly) to the critical load of a single simply supported
rectangular plate. In general as showed in al figures, the buckling coefficient

increases with decrease of tapering ratio and decrease of flange width to web depth
ratio.

7.Conclusions

The results obtained lead to the following conclusions:
e The buckling coefficient for trapezoidal plates and aso for tapered columns is
higher than the corresponding coefficient of rectangular plates and straight hollow

section columns,

e The buckling coefficient of plated member increases with the decrease of the
flange width to web depth ratio.

e Asthe aspect ratio of thisseriesof plated membersincrease the plate bucklesinto

more than one sine wave with a curved nodal line.

¢ |t was assumed that the strength for square hollow section and with integer values

of plate aspect ratio (L/ dwﬂ] can be determined by using the actual plate buckling

coefficients than the classical value of k=4.0,while for rectangular hollow section

columns, the buckling coefficient can be determined as.
k=7—|1.8=we/(0.15+W; )| — Lag=w;" (9)

where wy = dg /dy;
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N.B.

An experimental investigation shall be also carried out on 9 tapered trapezoidal

hollow section columns and this results will be compared with those obtained from
F.E. method.
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(a) Rectangular plate under compressive (b) Tapered plate
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(c) Hollow thin section tapered columns

Fig.(1): Plate under compressive Stresses
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() Tapered plate (L/d,;,,=1.143 ; r=0.75) (b) Tapered plate (L/d,,,,=2.285;
r=0.75)

Fig.(2): Deformed shape of trapezoidal plate

Fig.(3): Deformed shape of square hollow section (L/d,_ =1.0)
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Fig.(4): Deformed shape of hollow section tapered column
(L/dy = 3.2;d:/d,,_ = 0.428% and r=0.75)
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Fig.(5) : Effect of the plate aspect ratio (L/d,.__ ) on the buckling
coefficient of the plate for different Tapering Ratios
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Fig.(6) : Effect of the plate aspect ratio (L/d,,_) on the buckling
coefficient of the HS Col umn for different Tapering Ratios
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Fig.(7) : Effect of the plate aspect ratio (L/d,,_,) on the buckling
coefficient of the HS Column for different Flange -Web Ratios
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Fig.(8): Comparison between buckling coefficients of plates and columns
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Fig.(9): Effect of tapered ratio on the buckling loads of columns for
different Flange -Web Ratios
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